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Abstract

In three-mode Fock space we construct a new tripartite entangled state |«, ¥ )g;
which makes up a new quantum mechanical representation. The state |«, ¥ )g
can be generated by using the set-up composed of an asymmetric beam splitter
and a parametric down-conversion amplifier. We then show how to use |«, ¥ )g».
to find new squeezing operator and new squeezed state.

PACS numbers: 03.67.—a, 03.65.Bz, 42.50.Dv

1. Introduction

The concept of quantum entanglement is increasingly of interest in studies of quantum
information and quantum communication. It was originated by Einstein, Podolsky and Rosen
(EPR) in a paper arguing the incompleteness of quantum mechanics [1] and has played a
key role in understanding some fundamental problems in quantum mechanics and quantum
optics [2-7]. A beam splitter is perhaps the simplest tool to produce quantum entanglement.
It is known that even one single-mode squeezed state incident on a beam splitter yields a
bipartite entangled state [8]. In [9], Braunstein and Loock pointed out that continuous-
variable quantum teleportation of arbitrary coherent states has been realized experimentally
with bipartite entanglement built from two single-mode squeezed vacuum states combined at a
beam splitter whose role is expressed by the operator B [6]. They also asserted that a sequence
of beam splitter operations,

By_1v(T/4) By n—1(cos™ 1/4/3) x -+ x Bya(cos™ 1/¥/N), (1)

applied to one momentum squeezed vacuum mode 1 and N — 1 position squeezed vacuum
modes 2 through N, yields an N-mode state with N-party entanglement between all modes.
They obtained the entangled N-mode state f dx|x, x, ..., x). This state is an eigenstate with
total momentum zero and all relative positions X; — X; =0(, j =1,2,..., N) [10].

0305-4470/06/4514133+10$30.00  © 2006 IOP Publishing Ltd Printed in the UK 14133


http://dx.doi.org/10.1088/0305-4470/39/45/021
http://stacks.iop.org/JPhysA/39/14133

14134 L-Y Hu and H-Y Fan

All these references exhibit the role of the beam splitter in generating entanglement and
entangled states. Meanwhile we know that a two-mode squeezed state (made of idler light and
signal light) generated by parametric down-conversion process simultaneously is a two-mode
entangled state in the frequency domain. It is natural to think if we combine the mechanism of
both beam splitter (especially an asymmetric beam splitter) and parametric down conversion,
then what kind of entangled states can be generated? We are motivated to construct an
entangled state generated by an asymmetric beam splitter and a parametric down-conversion
amplifier. On the other hand, we hope the newly explored entangled states could be qualified
to make up a new quantum mechanical representation, so we need the explicit form of this
kind of entangled states in Fock space. As Dirac pointed out in [11]: ‘“When one has a
particular problem to work out in quantum mechanics, one can minimize the labor by using a
representation in which the representatives of the more important abstract quantities occurring
in that problem are as simple as possible’, we believe that entangled state representations
will be useful not only in treating many problems in quantum optics, but also can open up
(explore) new research topics. In EPR’s pioneer argument, the entanglement was due to the
fact that two particles’ relative positions X; — X, and their total momentum P; + P, can be
simultaneously measured. Enlightened by EPR, in [12] the simultaneous eigenstate |n) of
commutative operators (X; — X,, P; + P,) in two-mode Fock space is found:

) = exp[ =51 +naj — n*aj +ajaj]|00) 12, @)
where n = (n + im)/ﬁ, |00}, is the vacuum state, (ai,aj), i = 1,2, are the
Bose annihilation and creation operators, related to X; and P; by X; = \/Li(ai + aiT )
P = ﬁ(ai — aiT ) Experimentally, the |n) state can be generated as follows

[13-16]: when a pair of incoming modes—one is the zero-momentum eigenstate |p = 0); ~
exp (%a{2)|0)1 (maximum squeezing in the p-direction) and the other is the zero-position
eigenstate |[x = 0), ~ exp (—%agz) |0}, (maximum squeezing in the x-direction)—impinge on
a symmetric 50:50 beam splitter (without loss and phase shift), the outgoing state is a bipartite
entangled state, i.e.,

exp [—%(a}az - agal)] |p=0)1 ® [x = 0), = exp[a]a}]|00). 3)

Then making a local oscillator displacement D(n) = exp [naJ{ — n*al] for exp [ala;] |00), the
state |n) is obtained. However, when the beam splitter is not a 50:50 one, but an asymmetric
one, then what is the output state when two light fields maximally squeezed in X; and P;,
respectively, entering its two input ports and get superimposed? According to [17], the output
state emerging from asymmetric beam splitter is defined by

In)e = exp [—%|n|2 + na{ — n*(ag sin 26 + ai cos 29) + %17*2 cos 20
+1(al” — af’) cos 20 + ajal sin26]100), (4)

where 6 is related to the amplitude reflectivity and transmissivity of the asymmetric beam
splitter, and a local oscillator displacement is also made. Clearly, when 6 = /4, |)y reduces
to |n). It is remarkable that |)y makes up a new complete set and is of importance from the
quantum mechanics representation theory.

A question thus naturally arises: can we extend |n)y state to the tripartite case in a direct
way so that a new kind of tripartite entangled states of continuum variables can be constructed?
The answer is affirmative. Our work is arranged as follows. In section 2, we briefly review the
main properties of |n)y. In section 3, we introduce the new tripartite entangled state |o, ¥ )y
which is the common eigenvector of three commutable operators, with A being a squeezing
parameter. Insection 4, we discuss how to generate |«, ¥ )¢, by an asymmetric beam splitter and
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parametric down-conversion amplifier. In section 5, we investigate its properties, especially
its completeness, partly non-orthogonal property and its Schmidt decomposition. In section 6,
we show how to apply |, ¥ )e,. to deriving new squeezing operator and generalized squeezed
state.

2. The bipartite entangled state |1)y

We begin with briefly reviewing the properties of two-mode entangled state |1)g. |n)g is the
common eigenvector of commutative operators: (X, — X; tan6) and (P; + P, tan#6), i.e.,

(X2 — Xy tan6)|n)g = —n1 tan|n)y, ®)

(P1+ Pytan6)[n)g = nytan6|n)e. (6)

This simultaneous measurement of (X, — X;tan6) and (P; + P,tan6) with accuracy is

allowed by quantum mechanics and can be visualized in a generalized eight-port interferometer
measurement [18].

Using the normal ordering form of |00) (00| =: exp {—afal — a;az} : and the technique

of integration within an ordered product IWOP) of operators [19, 20] we can smoothly prove
the completeness relation

. d*n
sin 26 7|n>99(n| =1, (7
so |n)y make up a complete set. The overlap of |n)g is

o(n'Ine =280 — 08 (2 — n3)/sin 20, n=(n +in)/vV2. 8)

According to Dirac’s representation theory in quantum mechanics, the set of |1)y makes up a
new orthogonal and complete representation in the two-mode Fock space. The state |n)y can
be generated by an asymmetric beam splitter: operating the asymmetric beam splitter operator

S =exp [—O(aiaz — a;al)] 9)

on a pair of incoming modes |p = 0); ® |x = 0),, we have

Slp=0); ® |x =0), ~exp [%(aI cos 6 +a£ sin9)2 - %(a; cosf — a;( sin@)z]
X exp [29 (a'z['al — aIaz)]|OO)
= exp[aja}sin20 + I(af® — al?) c0s 26]100) = 7 = 0)s. (10)
T

Then operating the displacement operator D, (n) = exp [77(11 —n*a 1] on equation (10) leads
to equation (4), i.e.,

Di(n) exp [ala) sin26 + 1 (a]” — a}?) cos 20]100) = n)e. (11

Experimentally, this displacement can be implemented by reflecting the light field of |[n = 0)y
from a partially reflecting mirror (say 99% reflection and 1% transmission) and adding
through the mirror a field that has been phase and amplitude modulated according to the
value n = |n| e**.
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3. The new tripartite entangled state

We now introduce a new kind of three-mode entangled state in Fock space
loe, )g.5 = sec hhexp {—%|Ol|2 — %|7/|2 + %a*z cos 20 + al(a — ¥ cos20)
— a;((x* sec hAsin20 + y*tanh 1) + ya; + aIa; sec hA sin 20
+abal tanh 1 + 1 (af” — al? sec h?1) cos 26 }1000), (12)

where o = « +iay, Yy = y) + 1y, are the two complex numbers, A is a real number (later, one
can see that it is a squeezing parameter characterizing a parametric down-conversion amplifier
[21]). In particular, when A = 0, sec kA = 1 and tanh . = 0, then equation (12) reduces to
lee, ¥)g.0 = exp {—%lot|2 + aaI — ot*(af c0s 20 + ai sin 29) + %a*z cos 20
+alalsin26 + 1 (al? — al’) cos 26} exp [~ 1|y |* + yal]1000)
= |a)y ® ly)3. (13)

where |a)y is the bipartite entangled state in a;—a,-mode (10) generated by an asymmetric
beam splitter, while |y )3 is the coherent state in az-mode. On the other hand, when 6 = 7 /4,
equation (12) becomes

., y) 25 = sechhexp {—3(lal* +|y|?) +aje +ya]
+al(a] — a*) sec hi +al(a} — y*) tanh 2.}1000), (14)

this is a tripartite entangled state which can be generated by a symmetric beam splitter
and parametric down-conversion amplifier. For a review of various applications of the
entangled state representation of continuum variables we refer to [22]. Operating a; on
lot, ¥ )., respectively yields
(a3 — a tanh 2)[er, ¥ )os. = ¥ lev, ¥ o, (15)
(a1 — al cos 20 — af sec hasin26) |, y)p, = (@ — a* cos 20) |, ¥ )3, (16)
(az — aI sec hA sin 20 + a; sec h?A cos 26 — a; tanh )») loe, VDo

= —(a*sechAsin20 + y*tanh A)|a, y )g;.. a7

By combining equations (16) and (17) we see
(XytanO sechdh — X, + Xstanh A) |, ¥ )gy = \/Etanhk(al tanf csc hA + y))|a, ¥)en, (18)
(Pycotfsech)h+ P, + Pytanh M), v)gy = V2 tanh Alap cot@ csc hh + ya)la, ¥ )oa. (19)

Note that the three operators (X;tanfsechd — X, + Xztanh}), (P;cotfsechh + P, +
Pstanh A) and a3 — a; tanh 1) make up a complete commutable operator set.

4. Implementation of |a, v)gx
Supposing we have the two-mode asymmetric entangled state as in equation (10) and an extra
vacuum state |0)3,

o = 0) = exp [a]a)sin26 + 1 (al” — a’) cos 20]100) 1> ® |0)s. (20)
On the basis of this state, we make the squeezing transformation [9]

Sx3alSy = alcoshA — azsinh 2, 1)
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by the two-mode squeezing operator S>3 = exp [A (a;ai - (12(13)], which means we let a; -mode
and a; -mode interact in a parametric down-conversion amplifier via a nonlinear process, then
we obtain

Syyexp [alal sin26 + L(al? — al?) cos 261]000)

= sechiexp [a32 + a3B + €] exp [aba} tanh ]]000), (22)
where
A = —1 sinh® A cos 26, (23)
B = (a} cosh ). cos 20 — a] sin20) sinh 1, (24)
¢ = ajaj cosh A sin26 + 1 (al? — aj’ cosh? 1) cos 26. (25)

Using the completeness relation of coherent state f d;—z |z)33(z| = 1 and the following formula

d’z 2 . ey 1 —CEn+ &g+ f
/?exp[glzl +&z+n+ fz7+ gz ]—mex [ (T 4fg i|, (26)
whose convergent condition is either

¢*—4fg
RC(C + f + g) < 0, Re (m) < 0, (27)
or
2 _
Re(Z — f —g) <0, Re (&> <0, (28)
{—f—g
we have

2
exp [a32 + a;B] exp [aga; tanh 1] = / dn_z exp [a32 + a3B]|z)33 (z] exp [aga; tanh ]

= / %: exp [—|z? + (DB +al) + z* (o] tanh & + a3) + 2°A — alas]:
=:exp[(B+ ag)(a; tanh A + a3) + (a; tanh A + a3)2Ql - 61;613]! , (29)
and then substituting equation (29) into equation (22) we can rewrite equation (22) as
(22) = sechiexp [(% + ai)a; tanh A + agzm tanh? A + €] |000)
= sec hA exp [a{a% sec hA sin20 + a;a; tanh A + %(a}z — af sec hz)\) cos 29] |000)
=la =0,y =0} (30)

Then making a two-mode displacement D;(«)D3(y) for |« = 0,y = 0)y, by two local
oscillators, we make up the state |«, ¥ )9y,

Di(e)D3(y)|e =0, y = 0)gr = o, ¥ ), (€2))

where D;(a) = exp [owziT — a*q;] and the relation D;(a)a’D; ' (o) = atiT — o* is used.

Thus, |, ¥ )¢, can be generated by asymmetric beam splitter and parametric down-conversion
amplifier.
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5. Properties of |a, v)gx

We now investigate the major properties of |«, ¥ )g,. We need to know what is the integration
measure with which |«, ¥ )g; can make up a complete set. Using the normally ordered form
of the vacuum projection operator

|000) (000] =: exp [— ala) — ala, — alaz] (32)

where the symbol : : denotes normal ordering, we can employ the IWOP technique and
equation (26) to prove the completeness relation of |c, ¥ )g;,

sin 20 d’a d?y . d’a d?y 5 ot
21 V)ewea{en y| = sin20 7 el Py 4yt

sec h2\

1
X eXp |:—|o(|2 +af +a’El + E((x*z +a?) cos20 +K]I

cos 20
=:exp|egt+ ——(&&T+ E+E7) ) +uc|=texpl0l:=1  (33)
sin” 20
where
¢ =al — aytanh j, (34)
&= aI — aj cos 20 — ay sec h sin 26, 35)

K= (a al + aiaz) sec hi sin 26 + (aial + ayaz) tanh A

[+ — (o + ) sec i ]cos20 — 3 el 0
i=1

+
N =

Here, the factor sin26 /sec h”A is integration measures needed for the completeness relation.
It must be pointed out that the integration d?« d?y is two fold in complex variables, not three
fold, this is because the state |«, ¥ )y, is entangled among three modes, which reduces the
folds of integration. Thus, we note that although |, ¥ ), is defined in three-mode Fock space,
because its three modes are mutually entangled, it spans a completeness relation with two-fold
complex integration measure. Furthermore, in order to examine if |«, y)g, constitutes an
orthogonal set or not, using equations (18) and (19) we evaluate the following matrix elements
in the |, y )y, state:

onla’, y'|(X | tan @ sec hh — X, + X3 tanh A)|ct, ¥ )gs.
= /2 tanh A(@; tan 6 csc h + v e la, v la, )
= /2 tanh A(c| tan 6 csc b + y))g (@, ¥/ et, ¥ o (37)

onla’, y'|(Py cot@sec hd + P, + Pytanh A)|at, ¥ ey,
= /2 tanh A(a cot 6 csc h + e la, vy la, ¥ )es
= /2 tanh A(ct} cot B csc b + y3)g5 (@, ¥/ et, ¥ Yo (38)

which lead to

V2tanh A[(a; — o)) tan 6 csc b + (y1 — y)]ox e’ ¥ o, ¥ )or. = 0, (39)
V2 tanh A[ (a2 — as)cotd cschr + (va — ) loa e, v/ e, ¥)or = 0, (40)
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thus we can see

coth? A

2
x 8[(a2 — ay) cotB csc hr + y2 — 5 1. 41

ol y'loe, y)on o 8[(oy — ap) tanf cschi +y; — |1

Equation (41) shows that the inner product of |«, y )y, involves two é functions.
To explain in more detail why |, ¥ )s, is an entangled state, we make the following
two-fold Fourier transformation:

o ; 1 1
da dyaler, y)g €47 = W(u, v, 1, 1) | —= () — u)> ® ‘—(—v + 7/1)>
/700 \/z 1 «/z 3
1
®‘——[(u+oz1)sechktan9+(v+y1)tanhk]> , 42)
V2 2
where the three single-mode states all belong to the set of coordinate eigenvectors
lq)i =7 exp[—1q” + v2qa] — Jal*]0);, 43)
and W (u, v, oy, y1) is a normalization factor
2sec hi
W= M2seckh exp[—L[(v+y1) sechh — (u+a)) anftanh A1), (44)
=74 cos O

Thus, the inverse transformation of equation (42) is

1 1
E(“l - M)>l ® ‘E(Vl - v)>3

1
® ’—%[(u +aq)sechAitanf + (v + yp) tanh )\]>2 . 45)

This is just the Schmidt decomposition of |¢, y)g; , SO |&, ¥ )e, is an entangled state [23]. In
momentum representation, the Schmidt decomposition of |«, y )y, can be expressed as

o]

la, YY) = — du dyW e~ ety
472 J_o

o . 1 1
, — dud W/ —i(uoy+vyy) + +
e vdon = 71— | dudvWre —ﬁ(u o) 1® —ﬁ(v Y2) .
1
® ‘——[(u — ap) sec hhcotd + (v — y,) tanh k]> , 46)
V2 2

where the three single-mode states all belong to the set of momentum eigenvectors:

|p)i =~ V4 exp [—%p2+«/§ipa§+ %aj2]|0),-, 47)
and W/(u, v, az, y») is a normalization factor:
2sechh
W = \/_S;C, exp [—i[(v — ) sec hh — (u — ap) cotf tanh A]Z]. 48)
= 7/*sin 6

The quantification of multipartite entanglement, even for pure states, is still the subject of
current research [10]. In general, multipartite inseparability criteria cannot be formulated in
such a compact form as those for bipartite. In order to verify genuine N-party entanglement,
one has to rule out any possible partially separable forms. In principle, this can be done
by considering all possible bipartite splittings or groupings and, for instance, applying the
negative partial transpose criterion [24]. In order to see the entanglement involved in |o, ¥ )y
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more clearly, by tracing out one party, the remaining two-party state is

d*z
Trile, y)oreria, v = / e (zlet, Y)arenle, vz

sec hZA 5 . .
~ sin20 - exp [_|V| + (%“3 +maz — yra; — yaz) tanh k]
X €xp [J/a;t + V*ClB — a;ag tanh® A — a§a3]; (49)

where we have inserted the completeness of coherent state f %|Z>11<Z| and used
equation (26). Observing equations (49) one can see that, after tracing out one party, a;-

mode is coupled with ag-mode. In other words, the remaining two-mode fields are still in the
bipartite entangled state. Tracing out another mode will yield a similar result.

6. Application of the |, )¢, representation

As an application of the |«, y )¢, representation, we build the following ket—bra operator in an
integration form:

sin 20 d’a d’y
sec h2\ (rp)?
where (o, y) — (a/u,y/un) is a c-number dilation transformation. The meaning of
discussing (50) lies in generating new squeezed state by an asymmetric beam splitter and
parametric down-conversion amplifier. It should be pointed out that Uy(o, ) is a new

three-mode squeezing operator (for a review of squeezed states we refer to [25]). Using
equation (12) and the IWOP technique we can directly perform the integral in equation (50):

Uy(o, L) =

|Ol//L, y/“‘)@)uﬂ)»(a’ )’|, (50)

2 1 2 ,
Uy(o, L) = \/_% sin 260 sec ho exp [(5 — E(Mz +1—a?— ,u2a2 cos’ 20)) a{z cos 29]

I 2 i .
X exp (1 + E(Z;Lz(xz cos?20 — u’ — 1)) a{ag sec hA sin20 + aéag tanh o tanh );|

(2w ., 1 2 : v dlas +al
X exp|ay | —— sin 20 — 7 sec h”1.c0s 20 | :exp [—(a|a) + ajas + ajas) |

2 .
X exp ?'u[(l + ,uz)(l + cos® 20) — 2 cos? 29(a*2 + uzaz)]alal}
X exp -?[(1 + /L2 — 2a*2)a'1ta2 +(1+ /Lz — 2M2a2)a§a1] sec hA sin 49]

(2u(1+u?)

X exp %aéaz sec h%A sin® 20 + (a§a3 + aiaz tanh? A) sec ha:| :
(1 2w 2 2 2 ) 2

X exp 5—7(1+p. — pna® — o cos” 20) | aj cos 20

2 %2 1
Lo .oy 1) 2 2 _
X exp X sin“ 26 3 a; sec h“A cos 260 — apas tanh o tanh A

- 2
x exp | a1as (1 —_ %(1 + 12 — 20" cos? 29)) sec i sin 29} , 51)
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where we have set © = e¢” and K = 1 + u* — 2u” cos46. Especially, when 6 = /4,
equation (51) reduces to
Up=z = sec h’o exp [(aJ{a'zr sec hA + aga; tanh A) tanh a] exp [(aial + a'zi'az + a§a3) In sec ha]
x exp[—(aja; sec hi + ayas tanh A) tanh o], (52)
which is just a new three-mode squeezing operator. Using equation (52), we see
U(;:%aer;l% = ajcosho — ai sec hA sinh o,
ng%azU_zl% =apcosho — (a{ sec h\ + ag tanh A) sinh o, (53)

Ug:ga3 Ue_jl = azcosho — a; tanh A sinh 0.
=7

By introducing the two quadratures

1
X = E(Xl sechl — X, + X3 tanh )), 54)

1

=z

(Pysechh — P, + Pytanh A), [X, P] =1, (55)

we derive
Up-z XU, ! =e°X, Up—z PU, ' = e P, (56)
4 4

which shows the standard squeezing for two mutually conjugate operators in an opposite way.
Operating Uy—z on the three-mode vacuum state |000), we have

Us—21000) = sec h’c exp [(a]a} sec ha + aja] tanh 1) tanh ¢ ]/000), (57)

which is a new three-mode squeezed vacuum state. The quantum fluctuation of the operator
quadratures in the state Up—z |000) is

(AX)*) = 567, (AP)") = 5 (58)
thus the minimum uncertainty relation still remains
AXAP = ((AX)2)((AP)?) = 3. (59)

In summary, we have introduced a new tripartite entangled state |¢, ¥ )y, in three-mode
Fock space. Such states are potentially useful, because they not only make up a complete
representation [11], but also can be generated by an asymmetric beam splitter and parametric
down-conversion amplifier. Using |«, ¥)g, we have derived new squeezing operator and
squeezed state. Thus, we see again the intrinsic relation between entanglement and squeezed
state.
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